We consider a D -dimensional model of gravity with non-linear "scalar fields" as a matter source. The model is defined on the product manifold M , which contains n Einstein factor spaces. General cosmological type solutions to the field equations are obtained when n − 1 factor spaces are Ricci-flat, e.g. when one space M 1 of dimension d 1 > 1 has nonzero scalar curvature. The solutions are defined up to solutions to geodesic equations corresponding to a sigma model target space. Several examples of sigma models are presented. A subclass of spherically symmetric solutions is studied and a restricted version of "no-hair theorem" for black holes is proved. For the case d 1 = 2 a subclass of latent soliton solutions is singled out.
Introduction
A lot of gravitational models (including scalar-tensor theories and supergravity ones), when required solutions have enough space-time symmetries, can be reduced to an effective model with "scalar fields" governed by a sigma model action, see [1, 2, 3, 4, 5, 6, 7, 8] and references therein.
Here we consider a gravitational model governed by a Lagrangian in D dimensions
where g is a metric and non-linear "scalar fields" ϕ α come to the Lagrangian in a sigma model form with a certain target space metric h assumed. In higher dimensional gravitational theories the above model first appeared in connection with spontaneous compactification of the extra dimensions [9, 10] .
The Lagrangian (1.1) (e.g. with h ab = const ) describes the truncated sectors of various 3 < D ≤ 10 supergravity theories in the Einstein frame [11] . Usually these theories contain form-fields (fluxes) in addition to massless scalar fields and Chern-Simons (CS) terms. In this sense, the Lagrangian (1.1) for D > 3 (e.g. with h ab = const ) matches zero flux (and CS) limit. For D = 3 the Lagrangians of such types are generic ones when dimensional reductions of (bosonic sectors of) supergravity models are considered, see [1, 2, 6, 7] and refs. therein. In higher dimensional gravitational theories the above model first appeared in connection with spontaneous compactification of extra dimensions [9, 10] .
Here we deal with cosmological type solutions defined on a product of n Einstein spaces (e.g. Ricci-flat ones). The integrable cosmological configurations were studied in numerous papers, see [14] , [15] (without scalar fields), [16, 17, 18, 19] (with one scalar field), [20, 21, 22] etc. However, the authors of these papers restricted their attention to a linear sigma model for which components h ab are constant. Here we will study the solutions for h ab (ϕ) with arbitrary dependence on ϕ a (e.g. for a non-linear sigma model).
The model
We start by considering the following action
where κ 2 is a D -dimensional gravitational coupling, g = g M N dx M ⊗ dx N is a metric defined on a manifold M , ϕ : M → M ϕ is a smooth sigma model map and M ϕ is a ldimensional manifold (target space) equipped with the metric h = h ab (ϕ)dϕ a ⊗ dϕ b ( ϕ a are coordinates on M ϕ ). Here S Y GH is the standard York-Gibbons-Hawking boundary term [12, 13] .
The field equations for the action (2.1) read as follows
2)
where
is the stress-energy tensor.
Here we consider a cosmological type ansatz for the metric and "scalar fields"
where w = ±1 , i = 1, . . . , n . The metric is defined on the manifold
where R * = (u − , u + ) and any factor space M i is a d i -dimensional Einstein manifold with the metric g i obeying
To find solutions for the equations (2.2)-(2.3) seems to be complicated due to the nonlinear structure of the Einstein equations and intricacy having scalar fields. However it may be shown that the field equations for the model (2.1) with the metric and "scalar fields" from (2.5) and (2.6) are equivalent to the Lagrange equations corresponding to the Lagrangian of the one-dimensional (n + l) -component modified σ -model
10)
i, j = 1, . . . , n , are components of the gravitational part of the minisuperspace metric [23] and
is the potential.
Here and in what followsȦ = dA du . For the constant h ab (ϕ) = h ab the reduction to the sigma model was proved (for more general setup) in [3] . We note that here h ab (ϕ) can be interpreted as a scalar part of the total target space metric.
When all M i have finite volumes the substitution of (2.5) and (2.6) into the action (2.1) gives us the following relation
where L is defined in (2.9)
The relation (2.12) can be derived using the following expression for the scalar curvature
where R[g i ] = ξ i d i is the scalar curvature corresponding to the M i -manifold. To obtain (2.12) from (2.1) (for compact M i ) one should extract the total derivative term in (2.13) which is cancelled by the York-Gibbons-Hawking boundary term.
We write the Lagrange equations for (2.9) and then put N = 1 , or equivalently γ = γ 0 , i.e. when u is a harmonic variable, as in [24] . We get
. . , l , and
In fact, equations (2.14) are nothing else but Lagrange equations corresponding to the Lagrangian
with the energy integral of motion
Likewise (2.14), the equations (2.15) are Lagrange equations corresponding to the Lagrangian
Equations (2.15) are equivalent to geodesic equations corresponding to the metric h . The relation (2.16) is the energy constraint
coming from ∂L/∂N = 0 (for N = 1 ). Equations (2.14) can be rewritten in a equivalent form
. . , n . These expressions may be obtained from (2.14) by using the inverse matrix
and the following relations for u (k) -vectors:
In what follows we will use the following formulae
Hence the problem of finding the cosmological type solutions for the model (2.1) (with u being harmonic variable) is reduced to solving the equations of motion for the Lagrangians L β and L ϕ with the energy constraint (2.21) imposed.
Geodesics for a flat metric h . For the constant h ab (ϕ) = h ab eqs. (2.15) read 26) or, equivalently, 
More examples of geodesic solutions will be given in Section 4.
Cosmological type solutions
In this section we deal with certain examples of cosmological type solutions with the metric and "scalar fields" from (2.5) and (2.6), respectively.
Solutions with n Ricci-flat spaces
Here we focus on the solutions for the case when all factor spaces M i are Ricci-flat:
Due to (3.1) the potential V ξ is equal to zero and the equations of motion (2.22) for β
Integration of the equations (3.2) yields
where the parameters υ i and β i 0 are integration constants and the energy (2.18) takes the form
where the minisuperspace metric G ij is given by (2.10).
The metric reads
The "scalar fields" obey eqs. (2.15) with the energy constraint
In a special case of one (non-fantom) scalar field ( h 11 = 1 ) and w = −1 this solution was obtained in [16] . For solutions with several scalar fields and constant h ab see [20, 21] .
The scalar curvature for the metric (3.5) reads (see (2.13))
In what follows we use a parameter
to classify the solutions.
Non-special Kasner-like solutions.
We shall first consider the non-special case when Σ(υ) = 0 . Let us define a "synchronous" variable
obeying e 2γ 0 (β) du 2 = dτ 2 . We introduce new parameters:
. . , n , and
Then the metric reads
12) τ > 0 . "Scalar fields" are solutions to equations of motion (see (2.15))
The parameters (3.10) obey the Kasner-like conditions
is the integral of motion for eqs. (3.13). In (3.12) c i are constants
Flat h . For the special case of a flat target space metric h ab (ϕ) = h ab we get
whereφ a 0 are constants, a = 1, . . . , l , and
The scalar curvature (3.7) reads in this case
It diverges for τ → +0 if E ϕ = 0 . Hence all solutions with E ϕ = 0 are singular. Let E ϕ = 0 . For Milne-type sets of parameters, i.e. when d i = 1 and α i = 1 for some i ( α j = 0 for all j = i ) the metric is regular, when either (i)
when the cone singularity is absent).
For E ϕ = 0 the solutions with non-Milne-type sets of the Kasner parameters are singular (at least) if the Riemann tensor squared for metrics g i obeys:
.) This is valid since the Riemann tensor squared for the metric g is divergent at τ = +0 in this case, see [26] . Special (steady state) solutions. Now we consider the special case when Σ(v) = 0 . Due to (3.6) we obtain
We get in this case γ 0 = and the volume scale factor v = e γ 0 are constants. The "synchronous" variable is proportional to u ( τ = e γ 0 u ). Hence, we obtained a restriction for the energy E ϕ ≤ 0 . For E ϕ = 0 all v i = 0 and we are led to a static Ricci-flat solution.
This possibility occurs if the target space metric h is not positive-definite (e.g. there are phantom scalar fields for flat h ). The solutions of such type with one (phantom) scalar field were considered in [16] . (They are called as steady state solutions, see [16] .)
Solutions with acceleration. Let d 1 = 3 and M 1 = R 3 . The factor space M 1 may be considered as describing our space. In both cases there exist subclasses of solutions describing accelerated expansion of our space.
Indeed, for Kasner-like solutions with w = −1 one could make a replacement τ → τ 0 −τ where τ 0 is a constant (corresponding to the so-called "big rip"). For such replacement the scale factor of M 1 reads 
Solutions with one curved Einstein space and n − 1 Ricci flat spaces
Here we put 24) i.e. the first space (M 1 , g 1 ) is an Einstein space of non-zero scalar curvature and other spaces (M i , g i ) are Ricci-flat. The Lagrangian (2.17) reads in this case 25) where
i β i and u
(1)
The Lagrange equations corresponding to the Lagrangian (3.25) are integrated in Appendix. The solution reads 27) where β i 0 , υ i are constants obeying
The function f is following
where u 0 and C are constants and
For γ 0 we get
The energy integral of motion E β corresponding to L β reads (see Appendix)
Using (3.26), (3.27) and (3.31) we are led to the relation for the metric
Here the constraints (3.28) on β i 0 , υ i should be kept in mind and the function f is defined in (3.29) .
Relations (3.28) are equivalent to the following ones
Using (3.28) and (3.35) we exclude v 1 and obtain
and hence the relation (3.34) can be rewritten as follows
In a special case of one (non-fantom) scalar field ( h 11 = 1 ) and w = −1 this solution was obtained earlier in [17, 18] , see also [19] . The solutions with several scalar fields and constant h ab were presented in [20, 21] . We note that four-dimensional solutions with one scalar field (and electromagnetic one) were obtained earlier in [24] .
Examples of geodesic solutions
In this section we consider three examples of solutions to geodesic equations corresponding to the metric h that may be used for the cosmological type solutions above.
Two-dimensional sphere.
Let h be a metric on a two-dimensional sphere
where 0 < ϕ < 2π and 0 < θ < π . The simplest solution to geodesic equations (2.15) for the metric reads
where ω is constant. Here E ϕ = Here and in what follows the first relation in (4.2) should be understood as modulo 2π .
Two-dimensional de Sitter space.
Now we put h to be a metric on a two-dimensional de Sitter space dS
where 0 < ϕ < 2π and −∞ < χ < +∞ . (For a review on the de Sitter space see [25] .)
There are three basic solutions to geodesic equations (2.15) in this case 
The space with diagonal metric h .
Here we consider a diagonal metric
where ε 0 = ±1 , ε k = ±1 ( k > 0 ) and all A k (ϕ) > 0 are smooth functions. The Lagrange function for the non-linear sigma model is given by
Equations of motion for cyclic variables ψ
yield the following integrals of motion
Another constant of integration is the energy E ϕ
which due to (4.10) reads
This relation implies the following quadrature
which implicitly defines the function ϕ = ϕ(u) . Another quadratures just following from (4.10)
which complete the integration of the geodesic equations for the metric (4.7). For A k (ϕ) = exp (λϕ) , λ = 0 , the metric (4.7) may describe either a part of de Sitter space (if ε 0 = −1 , ε k = 1 , k > 0 ) or a part of anti-de Sitter space (if ε 1 = −1 ε r = 1 , r = 1 ). The case l = 3 is of interest in connection with the so-called AWE hypothesis [28] (based on Damour-Gibbons-Gudlach approach [29] ) aimed to describe the dark sector of the Universe. In [27] a four-dimensional de Sitter sigma model coupled to Einstein gravity (e.g. describing the current acceleration of the Universe) was studied.
Spherically symmetric solutions
In this section we study a subclass of spherically symmetric solutions with the metric (3.33) and "scalar fields" obeying (2.15) and (3.34). Here g 1 is a canonical metric on the sphere S d 1 and
Here we assume C > 0 . Then the governing function looks like
For simplicity, we put u 0 = 0 and β i 0 = 0 for all i . By introducing a new radial variable R = R(u)
the solution for the metric can be rewritten as follows
Here we assign a metric for the time direction putting down M 2 = R and g 2 = −dt⊗dt . Then the metric (5.6) reads
where due to (3.35), (3.37) the constants b and a i satisfy the relations (see (5.3) and (5.7))
Here we denote
The "scalar fields" ϕ a = ϕ a (R) obey the equations of motions .4)). These equations are nothing more than Euler-Lagrange equations for the action
Thus we have obtained a family of spherically symmetric solutions to field equations with a sigma model source which are given by relations (5.8) -(5.11). These solutions are defined up to solutions to "scalar fields equations" (5.12) which are in fact the geodesic equations for the metric h (2.15) rewritten in the R -variable.
Example: the case of constant h ab . Let us consider a special case when h ab (ϕ) = h ab are constants. It follows from (2.27) and (5.4) that 3) ) we get the following relation for the scalar curvature
which implies (for the solution under consideration)
Due to (5.16) the Hilbert-Einstein equations (2.2) can be rewritten in an equivalent form
In what follows we denote
We remind that e ϕ is defined by (5.11) and obeys the inequality following from (5.10)
Proposition 1. For all a i and e ϕ obeying (5.10)
Maximum and minimum of the function b 0 (a) are attained at the points a + and a − , respectively, where a ± = (a ±,i ) −e ϕ > 0 . We prove the proposition by the method of Lagrange multipliers. We introduce a new variable λ called a Lagrange multiplier, and study the Lagrange function defined bȳ
For the points of extremum we get 
Then the scalar curvature R[g] for the metric (5.6) with parameters b , a i obeying (5.9) and (5.10) is divergent at R = R 0 + 0 , i.e.
Proof. It follows from the Proposition 2 and the first inequality for the energy parameter e ϕ in (5.28) that 30) and hence ( d 1 > 1 )
Using the relation for the scalar curvature (5.17), the inequality (5.31) and e ϕ = 0 we get the divergence of R[g] for R → R 0 . This completes the proof of the proposition. Now we consider the special case e ϕ = 0 . In this case the stress-energy tensor for ϕ vanishes and the metric g is Ricci-flat, i.e. R M N [g] = 0. Thus we are led to a vacuum solution from [34] which was considered in [26] . Recently the solution from [34] was intensively studied in [35] .
In what follows we are interested in the case of non-zero gravitational mass, i.e. we put a 2 = 0 . Let g be a metric (5.8) with the parameters b , a i obeying (5.9), (5.10) , e ϕ = 0 and a 2 = 0 . Let the Riemann tensor squared for any metric g i , i = 3, ..., n , obey a self-boundedness condition
for some C i . Then for all sets a = (a 2 , ..., a n ) = (1, 0, ..., 0) the Riemann tensor squared for the metric (5.8) is divergent at R = R 0 + 0 , i.e.
The Proposition 3 is a special case of the Proposition 6 from [26] . The Propositions 2 and 3 may be summarized as the following proposition. We note that the condition (5. The Proposition 4 may be considered as a restricted version of the "no-hair" theorem for the metric (5.8). For the case of the positive-definite sigma model metric h ab (ϕ) (i.e. when e ϕ ≥ 0 ) it was proved for more general assumptions in [36] (see Theorem 5 therein).
For the set of parameters from (5.34) we get 35) where
1 is the metric of the (2 + d 1 ) -dimensional Tangherlini black hole solution [30] .
Remark. Let all h ab be constant. Then the relation e ϕ = 0 reads as h ab q a q b = 0 , where the scalar charges q a appeared previously for the scalar field solutions (5.14). For the positive-or negative-definite matrix h ab we get q a = 0 for all a . If the matrix (h ab ) is a semi-definite one, i.e. it has a signature (−, ..., −, +, ..., +) then there exist solutions ϕ a (5.14) with two or more non-zero q a . However these solutions are singular on a horizon. The only regular solutions are trivial ones ϕ a = ϕ a 0 . So, we do not obtain non-trivial "scalar hairs" in the case of constant h ab . Analogous situations takes place for the dS 2 sigma model solution with e ϕ = 0 (see (4.6)): ϕ = arctan( q ln F (R)) with q = −m/μ = 0 . These solutions are also singular at the horizon.
The PPN parameters for d 1 = 2 . Let us consider the case d 1 = 2 . The pure gravitational solution (without scalar fields) was obtained in cite [31] and generalized to the scalar-vacuum case (with one scalar field) in [32] , see also [33] . The calculations of PPN parameters for a 4-dimensional part of the metric (5.8) with a 2 = 0 36) and
give us the following relations [37, 38] (see also [39] )
and a 2 = 0 we are led to a subclass of solutions with β = γ = 1 for the 4-dimensional metric (5.36). The solution of such type were called in [39] (for pure gravity) as latent solitons [39] . The four-dimensional section of the latent soliton metric gives the same PPN parameters β = 1 and γ = 1 as the Schwarzschildian metric does, i.e. gravitational experiments lead to the same results for g (4) and for the metric of the Schwarzschild solution.
Conclusions
In this paper we have considered a D -dimensional model of gravity with non-linear "scalar fields" governed by a sigma model action (as a matter source). The model is defined on the product manifold M , which contains n Einstein factor spaces M 1 , . . . M n . We have obtained general cosmological type solutions corresponding to the field equations in two cases: when either all factor spaces are Ricci-flat or when only one factor space, M 1 , has nonzero scalar curvature. The solutions are defined up to solutions of geodesic equations corresponding to the sigma model target space. We have considered several examples of sigma models, e.g. with S 2 and dS 2 target spaces. It is shown that for certain parameters cosmological solutions may describe an accelerated expansion of 3-dimensional factor space.
Here we have also studied a subclass of spherically symmetric solutions with sinhbehaviour of the governing function f from (3.29). We have proved a restricted version of the "no-hair theorem" (Proposition 4) when the scalar energy parameter e ϕ obeys restriction (5.28) and all factor space metrics g i , i = 3, . . . , n , have Euclidean signatures. We have found for d 1 = 2 a subclass of latent solitonic solutions generalizing those from ref. [39] .
An open problem here is to generalize the "non-hair" theorem for the case of all types of the governing function f and all values of the energy parameter e ϕ as it was done recently for D = 4 case (with one scalar field) in [40] .
A Solutions governed by Liouville equation
Here we consider a Toda-like system with the following Lagrangian
. The scalar product for vectors belonging to R n is defined by
where (G ij ) is a non-degenerate symmetric matrix (e.g. given by (2.10)). 
